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Abstract
In this paper we give new conditions for the existence and uniqueness of the value of an Amer-
ican option by using semigroup theory. Some open questions given by Gozzi et al. and Kholodnyi
are solved and improved, specifically, that the Black–Scholes operator is degenerate and that it is
sectorial. Moreover, our results are extended to the original American problem. Finally, we obtain an
integral equation which gives the value of an American option, providing an alternative method to
calculate the value of American options.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Options are not a product of recent financial innovation; options were, in fact, con-
ceived of thousands of years ago. Some market historians trace the origins of options as far
back as ancient Greece to the philosopher Thales. Stock options were traded in the United
States in the late eighteenth century and grew into a large over-the-counter business by
the middle of the twentieth century. The standardized equity options that dominate today’s
market began trading on the Chicago Board Options Exchange (CBOE) on April 26, 1973.
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government bonds, currencies, precious metals, and futures contracts trade at more than 50
exchanges in 27 countries throughout the world.
Options belong to a broad category of securities known as derivatives or contingent
claims. A derivative is a contract or agreement whose value is derived from or contingent
upon the value of a related asset that is referred to as the underlying asset. An option con-
tract gives the option owner the right, but not the obligation, to buy or sell the underlying
asset (or to settle the value for cash) at a specified price any time during the designated pe-
riod or on a specified date in exchange for the payment called the option premium, which
is the price of the option in the marketplace.
It is important to note that the owner of an option can also choose not to exercise the
option and to let it expire worthless. If the owner exercises this option then he benefits
from a favorable change in the price of the underlying asset. On the contrary, if the option
is not exercised, then the owner does not suffer the losses from unfavorable movements.
Nevertheless, the seller or writer of an option is always obligated to fulfill the terms of the
contract if the owner exercises it.
Black and Scholes work in option pricing [2] revolutionized the world’s financial mar-
kets. They were able to obtain a simple formula for the fair price of a European call option
on a financial asset by considering a simple model for the price. The European call option
is a simple financial derivative which gives to the holder the right, but not the obligation,
to buy a unit of an asset at a fixed time (expiry date), for a fixed price K (striking price).
If we denote by C and S the values on the expiry date of the call, and of the asset, respec-
tively, the holder of such an option will receive C = max(0, S − K). Black and Scholes
assumed that there was no arbitrage in the market and they obtained a unique price for
the option which would allow a bank to take this money and guarantee the payment of the
option at maturity by means of a hedging strategy. We recently valued European options
using semigroup theory in [5] by studying the Black–Scholes operator directly together
with semigroup theory and the Mellin transform.
American options are contracts that may be exercised early, prior to expiry. For example,
if the option is a call, we may hand over the exercised price and receive the asset whenever
we wish. This makes for a more complicated pricing problem. The American call on a
non-dividend paying asset has the same price as its European counterpart but in general
there is no exact pricing formula for an American option. Some techniques employed for
the evaluation of prices are PDE or binomial tree techniques [4,9,14]. Semigroup theory is
used in this paper.
2. Preliminary
Non-homogeneous Black–Scholes equations are obtained for the entire domain of the
state variable s in [10, pp. 5064–5065] by using the characteristic functionsh((s−k)+−C)
and h((k − s)+ − P), s ∈ R+, where h is the Heaviside function
h(x) =
{
1 if x  0,
0 if x < 0,
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∂C
∂t
+ 1
2
σ 2s2
∂2C
∂s2
+ (r − d)s ∂C
∂s
− rC = −(ds − rk)+h((s − k)+ −C),
s  0, t ∈ [0, T ],
C(s, T ) = (s − k)+, (2.1)
∂P
∂t
+ 1
2
σ 2s2
∂2P
∂s2
+ (r − d)s ∂P
∂s
− rP = −(rk − ds)+h((k − s)+ − P ),
s  0, t ∈ [0, T ],
P (s, T ) = (k − s)+. (2.2)
We also recall that in [10] a semilinear Black and Scholes equation for American options
with general payoff g was obtained that included a nonlinear term, namely, the cash flow.
Moreover, in [10] the following semilinear Black and Scholes equation for American
options with general payoff g is obtained:
∂V
∂t
+ 1
2
σ 2s2
∂2V
∂s2
+ (r − d)s ∂V
∂s
− rV = −ρ+(s, t)h(g(s, t) − V ),
s  0, t ∈ [0, T ],
V (s, T ) = g(s, T ), (2.3)
where
ρ+(s, t) =
(
−
(
∂g
∂t
+ 1
2
σ 2s2
∂2g
∂s2
+ (r − d)s ∂g
∂s
− rg
))+
(s, t).
For American call and put options, Eq. (2.3) is converted into Eqs. (2.1) and (2.2),
respectively.
The generation of analytic semigroup in the L2(Rd ) space was recently studied together
with the characterization of its domain for a family of degenerate elliptic operators with
unbounded coefficients in [7]. This study included some well-known operators arising in
mathematical finance. However, the authors observed that it is not possible to obtain some
generation result, caused by the possible unboundedness of all coefficients and the degen-
eration of the operator, without imposing suitable growth and compensation conditions on
the coefficients. These results are employed to obtain existence, uniqueness, and regularity
estimates for the solutions of the associated parabolic problems.
We solve the problem of the degeneration of the operator with the following changes of
variables:
s = ex, t = 2 (T − τ )
σ 2
, V = w(x, τ ), and w = eαx+βτu(x, τ ), (2.4)
for some constants α,β given by
α = 1 − (r − d)2 , β = −
1
(
2r
2 −
2d
2 + 1
)2
− 2d2 .2 σ 4 σ σ σ
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
∂u
∂τ
= ∂
2u
∂x2
+ f (x, τ,u), x ∈ R, τ ∈ [0, 12σ 2T ],
u(x,0) = gˆ(x,0),
(2.5)
where
x = log s, t = 2(T − τ )/σ 2, f (x, τ, u) = −ρˆ+(x, τ )h(gˆ(x, τ )− u),
gˆ(x, τ )= g(ex,2(T − τ )/σ 2)e−αx−βτ , ρˆ+(x, τ ) = (gˆτ (x, τ )− gˆxx(x, τ ))+.
The fact that the nonlinear term −ρˆ+(x, τ )h(gˆ(x, τ )−u) is a discontinuous function of
u does not allow a straightforward application of standard fixed point theory to the analysis
of Eq. (2.3). Moreover, since the domain of the function u is unbounded in the variable x ,
we have to choose a suitable space, in this case, a weighted Lp space.
These problems are avoided by considering the following approximate problem:

∂uε
∂τ
= ∂
2uε
∂x2
+ fε(x, τ, uε), x ∈ R, τ ∈
[
0, 12σ
2T
]
,
uε(x,0)= gˆε(x,0),
(2.6)
where gˆε(x,0)→ g(x,0) in Lpα(R), fε(x, τ, uε) = −ρˆ+(x, τ )hε(gˆ(x, τ )− uε), and
hε(z) = 12
(
1 + 2√
π
Erf(εz)
)
, where Erfz =
z∫
0
e−t2 dt
is the error function [11, p. 17, (2.1.5)].
The combination of changes of variables and the approximated problem are applied to
solve the problems outlined in [7,10]. We then prove the existence of a unique value of
an American option with general payoff, that is, we prove the existence and uniqueness
theorem for the Cauchy problem for Eq. (2.6) using semigroup theory, also establishing a
property of regularity. Finally we obtain the solution of the problem (2.5). Note that all the
results that we will obtain for the problem (2.5) are established for the original problem if
we undo the changes of variables.
3. Notations and main results
We provide some definitions and theorems that will be useful in this section.
Definition 3.1. Let f :R+ → C, 1 p < ∞; we say that f belongs to Lpw if ‖f ‖p,w < ∞
where
‖f ‖p,w =
( +∞∫
0
|f (s)|p 1
1 + s2 ds
)1/p
,
and |f | represents the modulus of f . We also define the operator
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2
σ 2s2
∂2
∂s2
− (r − d)s ∂
∂s
+ r: D(As) ⊂ Lpw → Lpw
f (s) →
(
−1
2
σ 2s2
∂2
∂s2
− (r − d)s ∂
∂s
+ r
)
f (s),
where D(As) =
{
f ∈ Lpw: −
1
2
σ 2s2
∂2f
∂s2
− (r − d)s ∂f
∂s
+ rf ∈ Lpw
}
.
Now, by using (2.4), Lpw is transformed in Lpα(R), where
Lpα(R) =
{
f : ‖f ‖p,α < ∞
}
and ‖f ‖p,α =
( +∞∫
−∞
∣∣f (x)∣∣p xαp+1
1 + (ex)2 dx
)1/p
.
Definition 3.2 [12, p. 33]. Let X be a Banach space, with norm ‖ · ‖. An operator A is said
to be sectorial if there are constants ω ∈ R, θ ∈ (π/2,π), M > 0 such that
(1) Sθ,ω = {λ ∈ C: λ 	= ω, | arg(λ −ω)| < θ} ⊂ ρ(A),
(2) ‖R(λ : A)‖M/|λ−ω| ∀λ ∈ Sθ,ω .
Proposition 3.1 [13, Theorem 7.7, p. 30]. Let A be a densely defined operator in X satis-
fying the following conditions:
(1) For some 0 < δ < π/2, Sδ = {λ ∈ C: | arg(λ)| < π/2 + δ} ∪ {0} ⊂ ρ(A).
(2) There exists a constant M such that
‖R(λ : A)‖ M|λ| , for λ ∈ Sδ, λ 	= 0.
Then A is the infinitesimal generator of a C0 semigroup T (t) satisfying ‖T (t)‖  C for
some constant C.
Therefore every sectorial operator is the infinitesimal generator of a C0 semigroup.
Now, we prove that the Black–Scholes operator is a sectorial operator.
Theorem 3.1. The differential operator A ≡ d2/dx2 is a sectorial operator given by the
formula
T (τ)φ = eτAφ = 1
2πi
∫
γr,η
eτλR(λ : A)φ dλ, for φ ∈ Lpα, and (3.1)
R(λ : A)φ(x, τ ) =
(
π
2
)1/2 1
λ1/2
∞∫
0
z−αe−βτφ(z, τ )e−λ1/2 Abs(x−logz) dz, (3.2)
where r > 0, η ∈ (π/2, θ), and γr,η is the curve{
λ ∈ C: | argλ| = η, |λ| r}∪ {λ ∈ C: | argλ| η, |λ| = r},
oriented counterclockwise.
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L2(R) spaces. We now prove that A ≡ d2/dx2 is a sectorial operator in Lpα(R).
First let us note that with (2.4), the Lpw space is reduced to Lpα(R) and therefore
d2
dx2
: D(A) ⊂ Lpα(R) → Lpα(R),
f (x) → d
2f
dx2
,
where D(A) = {f ∈ Lpα(R): d2f/dx2 ∈ Lpα(R)}.
If we denote by C∞0 the set of functions f ∈ C∞ with compact support, then D(A) is
dense in Lpα(R), since D(A) contains C∞0 .
By virtue of Definition 3.2, we should observe that
‖R(λ : A)f ‖p  C1|λ| ‖f ‖p,
where C1 is a positive constant.
Let us now study R(λ : A). Let g ∈ D(A) be such that
g = R(λ : A)f = (λI −A)−1f,
that is,
f = (λI −A)g = λg − d
2g
dx2
.
Applying the Fourier transformation [3] and taking into account that
F
(
d2g
dx2
)
(y) = −y2Fg(y),
we have
Ff (y)= λFg(y) + y2Fg(y) = (λ+ y2)Fg(y);
then
Fg(y) = 1
λ + y2Ff (y). (3.3)
If we apply the inverse Fourier transform to (3.3), we obtain
g(x) = (H ∗ f )(x),
where ∗ represents the Fourier convolution [3] and
H =F−1
(
1
λ+ y2 ;y → x
)
= (π/2)1/2 1
λ1/2
e−λ1/2 Abs(x),
where Abs(x) is the absolute value of x and λ ∈ C \ (−∞,0]. Then a simple calculation
takes us to
‖H‖1 =
∥∥∥∥F−1
(
1
2 ;y → x
)∥∥∥∥  cλ + y 1 |λ|
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ity [6, p. 232] yields
‖f ∗ H‖p  ‖f ‖p‖H‖1  c|λ| ‖f ‖p. (3.4)
Now we consider λ ∈ C such that Reλ  0 and |Reλ|/| Imλ| < 1/(2c1), c1 > 1. Let
us choose λ0 ∈ C with Imλ0 = Imλ and Reλ0 ∈ (0, | Imλ0|/(4c1)). Then |λ0 − λ| 
3|λ0|/(4c1) = c2|λ0| and therefore
|λ0 − λ|
c2|λ0| < 1.
Then proceeding as in [15, pp. 255] shows that R(λ : A) exists and can be defined by
R(λ : A) =
∞∑
N=0
(λ0 − λ)NR(λ0 : A)N+1;
also taking norms
‖R(λ : A)f ‖p  1
(1 − c2|λ0 − λ|/|λ0|)‖R(λ0 : A)f ‖p
and keeping in mind that λ0 is defined and verifies (3.4), we obtain
‖R(λ : A)f ‖p  c|λ| ‖f ‖p.
Therefore for λ ∈ C and |Argλ| < π/2 + arctg (1/(2c1)), we have
‖R(λ : A)f ‖p  c
∗
|λ| ‖f ‖p,
where c∗ is a positive constant.
By virtue of Definition 3.2, we conclude that A is a sectorial operator in Lpα given
by (3.1). 
By virtue of [13, Theorem 1.2, p. 184], we have:
Theorem 3.2. For every gˆε ∈ Lpα and fε a Lipschitz function, the initial value problem
(2.6) has a unique mild solution uε satisfying the integral equation
uε(x, τ )= eτAgˆε(x,0)+
t∫
0
e(t−y)Afε(x, τ, uε) dy, (3.5)
where etA is defined as in Theorem 3.1 and R(λ : A) is as in (3.2). Moreover, using the
result of regularity given in [13, Theorem 1.6, p. 189] and [6, Corollary 6.16, p. 183], we
obtain that if fε is Lipschitz continuous in both variables and g ∈ D(A) then the mild
solution u is the strong solution of (2.6). Note that for the cases involving call and put
options, (3.5) is verified when d > r + σ 2/2 and ε is sufficiently large.
Lastly, we have the solution of the original problem (2.5):
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value problem

∂u
∂τ
= ∂
2u
∂x2
+ f (x, τ,u), x ∈ R, τ ∈ [0, 12σ 2T ],
u(x,0) = gˆ(x,0),
has a solution and uε → u uniformly in Lpα(R), where uε is given in (3.5) and is the
solution of (2.6).
Proof. Let U ⊂ R × R × X be a neighborhood of {(x, τ, u) ∈ R × R × X: τ = 0}. We
have that fε ∈ Lpα(R) by using the Hölder inequality and (ρˆ+)p ∈ L∞.
Then, the proof follows from [8, Theorem 3.4.1, p. 62], since fε → f uniformly for
(x, τ, u) in a neighborhood of any point in U . 
4. Conclusions
We have solved the problems given in [7,10]. Concretely, we have solved the problem
that the Black–Scholes operator is degenerate by using the appropriate changes of vari-
ables (2.4) and we have proved that it is a sectorial operator in a suitable space, avoiding
the problem that the domain of the function u is unbounded in the variable x . We have also
proved the existence of a unique value of an American option with general payoff, improv-
ing the result given by V.A. Kholodnyi in [10, p. 5068], where an approximate solution to
the problem was considered. Moreover, if we undo the changes of variables in (3.5), we
obtained an integral equation which gives the value of an American option, so obtaining
an alternative method to calculate the value of American options.
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